Introduction {#Sec1}
============

In recent years, due to the application in many fields, fractional calculus has attracted more and more attention from researchers, and many meaningful results have been obtained \[[@CR1], [@CR2], [@CR9]--[@CR14], [@CR17], [@CR18], [@CR24]--[@CR26]\]. Since some nature phenomena are naturally modeled by fractional differential equation boundary value problems, it is important to study the problems of nonlinear fractional differential equations boundary value problems. On the other hand, the study of a coupled system involving fractional differential equations boundary value problems is also important as such systems occur in various problems of applied nature, for instance, see \[[@CR2], [@CR22], [@CR31]\].

Recently, Su \[[@CR31]\] discussed a two-point boundary value problem for a coupled system of fractional differential equations $$\documentclass[12pt]{minimal}
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It should be noted that all of the above papers mentioned deal with non-resonance case. However, there are few papers that consider the coupled system of nonlinear fractional differential equations with boundary conditions at resonance. In \[[@CR5]\], Bai investigated the nonlinear nonlocal problem $$\documentclass[12pt]{minimal}
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In \[[@CR22]\], Jiang studied the solvability for a coupled system of fractional differential equations at resonance. In \[[@CR35]\], the authors investigated a three-point boundary value problem for a coupled system of nonlinear fractional differential equations given by $$\documentclass[12pt]{minimal}
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Enlightened by the above contributions, in this paper we investigate the multi-point boundary value problem at resonance for a coupled system of nonlinear fractional differential equations given by $$\documentclass[12pt]{minimal}
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The rest of this paper is organized as follows. We present some notations and lemmas in Sect. [2](#Sec2){ref-type="sec"} and establish a theorem of existence of a solution for the coupled system ([1.2](#Equ2){ref-type=""})--([1.3](#Equ3){ref-type=""}) in Sect. [3](#Sec3){ref-type="sec"}.

Background materials and methods {#Sec2}
================================

In this section, we present some necessary basic knowledge about fractional calculus theory and a fixed point theorem.

The definitions and properties of fractional integral and derivative can be found in many literature works \[[@CR24]\].

Definition 2.1 {#FPar1}
--------------

(\[[@CR24]\])
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The properties of fractional calculus we will use are listed below.
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Now, we present some notations and a fixed point theorem.
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The theorem we used is Theorem 2.4 of \[[@CR28]\].

Theorem 2.1 {#FPar2}
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Lemma 2.1 {#FPar3}
---------
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Lemma 2.2 {#FPar6}
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*The mapping* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L:\operatorname{dom}(L)\subset Y\rightarrow Z$\end{document}$ *is a Fredholm operator of index zero*.

Proof {#FPar7}
-----
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With arguments similar to those in \[[@CR34]\], we obtain the following lemma.

Lemma 2.3 {#FPar8}
---------
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Results and discussion {#Sec3}
======================

In this section, we shall prove existence results for the coupled system of fractional boundary value problem ([1.2](#Equ2){ref-type=""})--([1.3](#Equ3){ref-type=""}).
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Proof {#FPar11}
-----

Our proof can be divided into four steps.

*Step* 1: Set $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \Omega_{1}= \bigl\{ (u,\upsilon)\in\operatorname {dom}(L)\backslash \operatorname{Ker}(L)|L(u,\upsilon)=\lambda N(u,\upsilon) \mbox{ for some } \lambda\in[0,1] \bigr\} . $$\end{document}$$ Then, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(u,\upsilon)\in\Omega_{1},L(u,\upsilon)=\lambda N(u,\upsilon)$\end{document}$, thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda\neq0,N(u,\upsilon)\in \operatorname{Im}(L)=\operatorname{Ker}(Q)$\end{document}$, hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$QN(u,\upsilon)=(Q^{\alpha}N_{1}\upsilon,Q^{\beta}N_{2}u)=(0,0)$\end{document}$ by the definition of *Q*. Thus we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Q_{1}^{\alpha}N_{1}\upsilon(t)=Q^{\alpha}_{2}N_{1}\upsilon(t)=0$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Q_{1}^{\beta}N_{2}u(t)=Q^{\beta}_{2}N_{2}u(t)=0$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in[0,1]$\end{document}$. It follows from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(H_{1})$\end{document}$ that there exist $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t_{0},t_{1}\in[0,1]$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|D_{0+}^{\alpha-1}u(t_{0})|+|D_{0+}^{\alpha-2}u(t_{0})|\leq A$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|D_{0+}^{\beta-1}\upsilon(t_{1})|+|D_{0+}^{\beta-2}\upsilon (t_{1})|\leq A$\end{document}$. Now $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &D_{0+}^{\alpha-1}u(t)=D_{0+}^{\alpha-1}u(t_{0})+ \int_{t_{0}}^{t}D_{0+}^{\alpha}u(s) \, \mathrm{d}s, \\ &D_{0+}^{\alpha-2}u(t)=D_{0+}^{\alpha-2}u(t_{0})+ \int_{t_{0}}^{t}D_{0+}^{\alpha-1}u(s) \, \mathrm{d}s, \end{aligned}$$ \end{document}$$ so that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & \bigl\vert D_{0+}^{\alpha-1}u(0) \bigr\vert \leq \bigl\Vert D_{0+}^{\alpha-1}u(t) \bigr\Vert _{\infty}\leq \bigl\vert D_{0+}^{\alpha-1}u(t_{0}) \bigr\vert + \bigl\Vert D_{0+}^{\alpha}u \bigr\Vert _{1} \\ &\phantom{ \bigl\vert D_{0+}^{\alpha-1}u(0) \bigr\vert }\leq A+ \Vert Lu \Vert _{1}\leq A+ \Vert N_{1} \upsilon \Vert _{1}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & \bigl\vert D_{0+}^{\alpha-2}u(0) \bigr\vert \leq \bigl\Vert D_{0+}^{\alpha-2}u(t) \bigr\Vert _{\infty}\leq \bigl\vert D_{0+}^{\alpha-2}u(t_{0}) \bigr\vert + \bigl\Vert D_{0+}^{\alpha-1}u \bigr\Vert _{\infty} \\ &\phantom{ \bigl\vert D_{0+}^{\alpha-2}u(0) \bigr\vert } \leq \bigl\vert D_{0+}^{\alpha-2}u(t_{0}) \bigr\vert + \bigl\vert D_{0+}^{\alpha-1}u(t_{0}) \bigr\vert + \bigl\Vert D_{0+}^{\alpha}u \bigr\Vert _{1} \\ &\phantom{\phantom{ \bigl\vert D_{0+}^{\alpha-2}u(0) \bigr\vert }}\leq A+ \Vert L_{1}u \Vert _{1}\leq A+ \Vert N_{1}\upsilon \Vert _{1}. \end{aligned}$$ \end{document}$$ Similar to the above argument, we can also obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & \bigl\vert D_{0+}^{\beta-1}\upsilon(0) \bigr\vert \leq A+ \Vert N_{2}u \Vert _{1}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & \bigl\vert D_{0+}^{\beta-2}\upsilon(0) \bigr\vert \leq A+ \Vert N_{2}u \Vert _{1}. \end{aligned}$$ \end{document}$$

Now by ([3.11](#Equ51){ref-type=""})--([3.14](#Equ54){ref-type=""}) and ([2.31](#Equ38){ref-type=""}), we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl\Vert P(u,\upsilon) \bigr\Vert _{Y}\leq{}& \max \biggl\{ \biggl(2+\frac{1}{\Gamma(\alpha)} \biggr) \bigl\vert D_{0+}^{\alpha-1}u(0) \bigr\vert + \biggl(1+\frac{1}{\Gamma(\alpha-1)} \biggr) \bigl\vert D_{0+}^{\alpha-2}u(0) \bigr\vert , \\ &{} \biggl(2+\frac{1}{\Gamma(\beta)} \biggr) \bigl\vert D_{0+}^{\beta-1} \upsilon(0) \bigr\vert + \biggl(1+\frac{1}{\Gamma(\beta-1)} \biggr) \bigl\vert D_{0+}^{\beta-2} \upsilon(0) \bigr\vert \biggr\} \\ \leq{}&\max \biggl\{ \biggl(3+\frac{1}{\Gamma(\alpha)}+\frac {1}{\Gamma(\alpha-1)} \biggr) \Vert N_{1}\upsilon \Vert _{1}+A \biggl(3+ \frac{1}{\Gamma(\alpha)}+ \frac{1}{\Gamma(\alpha-1)} \biggr), \\ &{} \biggl(3+\frac{1}{\Gamma(\beta)}+\frac{1}{\Gamma(\beta -1)} \biggr) \Vert N_{2}u \Vert _{1}+A \biggl(3+\frac{1}{\Gamma(\beta)}+ \frac{1}{\Gamma(\beta-1)} \biggr) \biggr\} . \end{aligned}$$ \end{document}$$ Note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(I-P)(u,\upsilon)\in \operatorname{Im}(K_{P})=\operatorname{dom}(L)\cap \operatorname{Ker}(P)$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(u,\upsilon)\in\Omega_{1}$\end{document}$. Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl\Vert (I-P) (u,\upsilon) \bigr\Vert _{Y}&= \bigl\Vert K_{P}L(I-P) (u,\upsilon) \bigr\Vert _{Y} \\ &= \bigl\Vert K_{P} \bigl(L_{1}u,L^{2}\upsilon \bigr) \bigr\Vert _{Y} \\ &\leq \max \biggl\{ \biggl(2+\frac{1}{\Gamma(\alpha)} \biggr) \Vert L_{1}u \Vert _{1}, \biggl(2+\frac{1}{\Gamma(\beta)} \biggr) \Vert L_{2} \upsilon \Vert _{1} \biggr\} \\ &\leq \max \biggl\{ \biggl(2+\frac{1}{\Gamma(\alpha)} \biggr) \Vert N_{1} \upsilon \Vert _{1}, \biggl(2+\frac{1}{\Gamma(\beta)} \biggr) \Vert N_{2}u \Vert _{1} \biggr\} . \end{aligned}$$ \end{document}$$ Using ([3.15](#Equ55){ref-type=""}) and ([3.16](#Equ56){ref-type=""}), we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl\Vert (u,\upsilon) \bigr\Vert _{Y}={}& \bigl\Vert P(u,\upsilon)+(I-P) (u,\upsilon) \bigr\Vert _{Y}\leq \bigl\Vert P(u,\upsilon) \bigr\Vert _{Y}+ \bigl\Vert (I-P) (u, \upsilon) \bigr\Vert _{Y} \\ \leq{}&\max \biggl\{ \biggl(3+\frac{1}{\Gamma(\alpha)}+\frac {1}{\Gamma(\alpha-1)} \biggr) \Vert N_{1}\upsilon \Vert _{1}+A \biggl(3+ \frac{1}{\Gamma(\alpha)}+ \frac{1}{\Gamma(\alpha-1)} \biggr), \\ &{} \biggl(3+\frac{1}{\Gamma(\beta)}+\frac{1}{\Gamma(\beta -1)} \biggr) \Vert N_{2}u \Vert _{1}+A \biggl(3+\frac{1}{\Gamma(\beta)}+ \frac{1}{\Gamma(\beta-1)} \biggr) \biggr\} \\ &{} +\max \biggl\{ \biggl(2+\frac{1}{\Gamma(\alpha)} \biggr) \Vert N_{1} \upsilon \Vert _{1}, \biggl(2+\frac{1}{\Gamma(\beta)} \biggr) \Vert N_{2}u \Vert _{1} \biggr\} \\ ={}&\max \bigl\{ \epsilon_{1} \Vert N_{1}\upsilon \Vert _{1}+\rho_{1}A,\rho_{1} \Vert N_{1} \upsilon \Vert _{1}+\mu_{2} \Vert N_{2}u \Vert _{1}+\rho_{1}A, \\ &{} \epsilon_{2} \Vert N_{2}u \Vert _{1}+ \rho_{2}A,\rho_{2} \Vert N_{2}u \Vert _{1}+\mu_{1} \Vert N_{1}\upsilon \Vert _{1}+\rho_{2}A \bigr\} . \end{aligned}$$ \end{document}$$
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & \bigl\Vert D_{0+}^{\beta-2}\upsilon \bigr\Vert _{\infty}\leq \frac{1}{1-\rho_{1} \Vert a_{1} \Vert _{1}-\rho_{1} \Vert b_{1} \Vert _{1}-\mu_{2} \Vert a_{2} \Vert _{1}} \bigl[ \rho_{1} \Vert d_{1} \Vert _{1} \bigl\Vert D_{0+}^{\beta-1} \upsilon \bigr\Vert _{\infty} \\ &\phantom{ \Vert D_{0+}^{\beta-2}\upsilon \Vert _{\infty}\leq}{} +\rho_{1} \Vert e_{1} \Vert _{1} \bigl\Vert D_{0+}^{\beta-1}\upsilon \bigr\Vert _{\infty}^{\theta_{1}}+ \rho_{1} \Vert r \Vert _{1} \\ &\phantom{ \Vert D_{0+}^{\beta-2}\upsilon \Vert _{\infty}\leq}{}+\mu_{2} \Vert b_{2} \Vert _{1} \bigl\Vert D_{0+}^{\alpha-2}u \bigr\Vert _{\infty}+ \mu_{2} \Vert d_{2} \Vert _{1} \bigl\Vert D_{0+}^{\alpha-1}u \bigr\Vert _{\infty} \\ &\phantom{ \Vert D_{0+}^{\beta-2}\upsilon \Vert _{\infty}\leq}{} +\mu_{2} \Vert e_{2} \Vert _{1} \bigl\Vert D_{0+}^{\alpha-1}u \bigr\Vert _{\infty}^{\theta_{2}}+ \mu_{2} \Vert r_{2} \Vert _{1}+ \rho_{1}A \bigr], \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & \bigl\Vert D_{0+}^{\alpha-2}u \bigr\Vert _{\infty}\leq \frac{1}{1-\rho_{1} \Vert a_{1} \Vert _{1}-\rho_{1} \Vert b_{1} \Vert _{1}-\mu_{2} \Vert a_{2} \Vert _{1}-\mu_{2} \Vert b_{2} \Vert _{1}} \bigl[ \rho_{1} \Vert d_{1} \Vert _{1} \bigl\Vert D_{0+}^{\beta-1} \upsilon \bigr\Vert _{\infty} \\ &\phantom{ \Vert D_{0+}^{\alpha-2}u \Vert _{\infty}\leq }{} +\rho_{1} \Vert e_{1} \Vert _{1} \bigl\Vert D_{0+}^{\beta-1}\upsilon \bigr\Vert _{\infty}^{\theta_{1}}+ \rho_{1} \Vert r \Vert _{1} +\mu_{2} \Vert d_{2} \Vert _{1} \bigl\Vert D_{0+}^{\alpha-1}u \bigr\Vert _{\infty} \\ &\phantom{ \Vert D_{0+}^{\alpha-2}u \Vert _{\infty}\leq }{} +\mu_{2} \Vert e_{2} \Vert _{1} \bigl\Vert D_{0+}^{\alpha-1}u \bigr\Vert _{\infty}^{\theta_{2}}+ \mu_{2} \Vert r_{2} \Vert _{1}+ \rho_{1}A \bigr] \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & \bigl\Vert D_{0+}^{\alpha-1}u \bigr\Vert _{\infty}\leq \frac{1}{1-\rho_{1}( \Vert a_{1} \Vert _{1}+ \Vert b_{1} \Vert _{1}+ \Vert d_{1} \Vert )-\mu_{2}( \Vert a_{2} \Vert _{1}+ \Vert b_{2} \Vert _{1}+ \Vert d_{2} \Vert _{1})} \\ &\phantom{ \Vert D_{0+}^{\alpha-1}u \Vert _{\infty}\leq }{}\times \bigl[\rho_{1} \Vert e_{1} \Vert _{1} \bigl\Vert D_{0+}^{\beta-1}\upsilon \bigr\Vert _{\infty}^{\theta_{1}} +\mu_{2} \Vert e_{2} \Vert _{1} \bigl\Vert D_{0+}^{\alpha-1}u \bigr\Vert _{\infty}^{\theta_{2}} \\ &\phantom{ \Vert D_{0+}^{\alpha-1}u \Vert _{\infty}\leq }{} +\mu_{2} \Vert r_{2} \Vert _{1}+ \rho_{1} \bigl(A+ \Vert r_{1} \Vert _{1} \bigr) \bigr], \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} & \bigl\Vert D_{0+}^{\beta-1}\upsilon \bigr\Vert _{\infty}\leq \frac{1}{1-\rho_{1}( \Vert a_{1} \Vert _{1}+ \Vert b_{1} \Vert _{1}+ \Vert d_{1} \Vert )-\mu_{2}( \Vert a_{2} \Vert _{1}+ \Vert b_{2} \Vert _{1}+ \Vert d_{2} \Vert _{1})} \\ &\phantom{ \Vert D_{0+}^{\beta-1}\upsilon \Vert _{\infty}\leq }{}\times \bigl[\rho_{1} \Vert e_{1} \Vert _{1} \bigl\Vert D_{0+}^{\beta-1}\upsilon \bigr\Vert _{\infty}^{\theta_{1}} +\mu_{2} \Vert e_{2} \Vert _{1} \bigl\Vert D_{0+}^{\alpha-1}u \bigr\Vert _{\infty}^{\theta_{2}} \\ &\phantom{ \Vert D_{0+}^{\beta-1}\upsilon \Vert _{\infty}\leq }{}+\mu_{2} \Vert r_{2} \Vert _{1}+ \rho_{1} \bigl(A+ \Vert r_{1} \Vert _{1} \bigr) \bigr]. \end{aligned}$$ \end{document}$$

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho_{1}\|e_{1}\|_{1}\|D_{0+}^{\beta-1}\upsilon\|_{\infty}^{\theta_{1}} \geq\mu_{2}\|e_{2}\|_{1}\|D_{0+}^{\alpha-1}u\|_{\infty}^{\theta_{2}}$\end{document}$, then from ([3.28](#Equ68){ref-type=""}) we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl\Vert D_{0+}^{\beta-1}\upsilon \bigr\Vert _{\infty}\leq{}&\frac{1}{1-\rho_{1}( \Vert a_{1} \Vert _{1}+ \Vert b_{1} \Vert _{1}+ \Vert d_{1} \Vert )-\mu_{2}( \Vert a_{2} \Vert _{1}+ \Vert b_{2} \Vert _{1}+ \Vert d_{2} \Vert _{1})} \\ &{}\times \bigl[2\rho_{1} \Vert e_{1} \Vert _{1} \bigl\Vert D_{0+}^{\beta-1}\upsilon \bigr\Vert _{\infty}^{\theta_{1}}+\mu_{2} \Vert r_{2} \Vert _{1}+\rho_{1} \bigl(A+ \Vert r_{1} \Vert _{1} \bigr) \bigr]. \end{aligned}$$ \end{document}$$ Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\theta_{1}\in[0,1)$\end{document}$, from the above last inequality, there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$M_{1}>0$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|D_{0+}^{\beta-1}\upsilon\|_{\infty}\leq M_{1}$\end{document}$, thus from ([3.22](#Equ62){ref-type=""})--([3.28](#Equ68){ref-type=""}), there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$M_{2}>0$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|u\|_{\infty}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|\upsilon\|_{\infty}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|D_{0+}^{\alpha-2}u\| _{\infty}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|D_{0+}^{\beta-2}\upsilon\|_{\infty}$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|D_{0+}^{\alpha-1}u\|_{\infty}$\end{document}$ are all less than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$M_{2}$\end{document}$, hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|(u,\upsilon)\|_{Y}\leq3(M_{1}+M_{2})$\end{document}$. Therefore $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Omega_{1}$\end{document}$ is bounded.

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho_{1}\|e_{1}\|_{1}\|D_{0+}^{\beta-1}\upsilon\|_{\infty}^{\theta_{1}} \leq\mu_{2}\|e_{2}\|_{1}\|D_{0+}^{\alpha-1}u\|_{\infty}^{\theta_{2}}$\end{document}$, then from ([3.27](#Equ67){ref-type=""}), similar to the above argument, we can also prove that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Omega_{1}$\end{document}$ is bounded.

*Case* 4. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|(u,\upsilon)\|_{Y}\leq\rho_{2}\|N_{2}u\|_{1}+\mu_{1}\|N_{1}\upsilon\| _{1}+\rho_{2}A$\end{document}$. The proof is similar to that of case 3. Here, we omit it.

From the above argument, we have proved that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Omega_{1}$\end{document}$ is bounded.

*Step* 2: Let $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega_{2}=\bigl\{ (u,\upsilon)\in\operatorname{Ker}(L)|N(u,\upsilon) \in \operatorname{Im}(L)\bigr\} . $$\end{document}$$ For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(u,\upsilon)\in\Omega_{2},(u,\upsilon)\in\operatorname {Ker}(L)=\{(u,\upsilon)\in \operatorname{dom}(L)|u=c_{11}t^{\alpha-1}+c_{12}t^{\alpha -2},\upsilon=c_{21}t^{\beta-1}+c_{22}t^{\beta-2}, c_{ij}\in\mathbb {R},i,j=1,2,t\in [0,1]\}$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$QN(c_{11}t^{\alpha-1}+c_{12}t^{\alpha -2},c_{21}t^{\beta-1}+c_{22}t^{\beta-2})=(0,0)$\end{document}$, thus $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &R^{\alpha}_{1}N_{1}\bigl(c_{21}t^{\beta-1}+c_{22}t^{\beta-2} \bigr)=R^{\alpha}_{2}N_{1}\bigl(c_{21}t^{\beta-1}+c_{22}t^{\beta-2} \bigr)=0, \\ &R^{\beta}_{1}N_{2}\bigl(c_{11}t^{\alpha-1}+c_{12}t^{\alpha-2} \bigr)=R^{\alpha}_{2}N_{2}\bigl(c_{11}t^{\alpha-1}+c_{12}t^{\alpha-2} \bigr)=0. \end{aligned}$$ \end{document}$$ By $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(H_{3})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{11}^{2}+c_{12}^{2}+c_{21}^{2}+c_{22}^{2}\leq B$\end{document}$, that is, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Omega_{2}$\end{document}$ is bounded.

*Step* 3: We define the isomorphism $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J:\operatorname{Im}(Q)\rightarrow \operatorname{Ker}(L)$\end{document}$ by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &J \bigl(c_{11}t^{\alpha-1}+c_{12}t^{\alpha-2},c_{21}t^{\beta -1}+c_{22}t^{\beta-2} \bigr) \\ &\quad = \bigl(c_{11}t^{\alpha-1}+c_{12}t^{\alpha-2},c_{21}t^{\beta -1}+c_{22}t^{\beta-2} \bigr), \quad c_{ij}\in\mathbb{R},i,j=1,2. \end{aligned}$$ \end{document}$$

Let $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega_{3}=\bigl\{ (u,\upsilon)\in\operatorname{Ker}(L)|-\lambda J^{-1} (u,\upsilon)+(1-\lambda)QN(u,\upsilon)=(0,0),\lambda\in[0,1] \bigr\} . $$\end{document}$$ For every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(c_{11}t^{\alpha-1}+c_{12}t^{\alpha-2},c_{21}t^{\beta -1}+c_{22}t^{\beta-2})\in\Omega_{3}$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{11}^{2}+c_{12}^{2}+c_{21}^{2}+c_{22}^{2}>0$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\lambda \bigl(c_{11}t^{\alpha-1}+c_{12}t^{\alpha-2},c_{21}t^{\beta -1}+c_{22}t^{\beta-2} \bigr) \\ &\quad =(1-\lambda) \bigl(Q^{\alpha}N_{1}\upsilon,Q^{\beta}N_{2} u \bigr) \\ &\quad=(1-\lambda) \bigl( \bigl(R^{\alpha}_{1}N_{1} \bigl(c_{21}t^{\beta-1}+c_{22}t^{\beta-2} \bigr) \bigr)t^{\alpha-1} + \bigl(R^{\alpha}_{2}N_{1} \bigl(c_{21}t^{\beta-1}+c_{22}t^{\beta-2} \bigr) \bigr)t^{\alpha-2}, \\ &\qquad \bigl(R^{\beta}_{1}N_{2} \bigl(c_{11}t^{\alpha-1}+c_{12}t^{\alpha-2} \bigr) \bigr)t^{\beta-1} + \bigl(R^{\beta}_{2}N_{2} \bigl(c_{11}t^{\alpha-1}+c_{12}t^{\alpha-2} \bigr) \bigr)t^{\beta-2} \bigr). \end{aligned}$$ \end{document}$$ If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda=1$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{ij}=0,i,j=1,2$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda=0$\end{document}$, then by Step 2, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{11}^{2}+c_{12}^{2}+c_{21}^{2}+c_{22}^{2}< B$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0<\lambda<1$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{11}^{2}+c_{12}^{2}+c_{21}^{2}+c_{22}^{2}>B$\end{document}$, then by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(H_{3})$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\lambda^{2} \bigl(c_{11}^{2}+c_{12}^{2}+c_{21}^{2}+c_{22}^{2} \bigr) \\ &\quad=(1-\lambda)^{2} \bigl[c_{11} \bigl(R^{\alpha}_{1}N_{1} \bigl(c_{21}t^{\beta-1}+c_{22}t^{\beta-2} \bigr) \bigr) +c_{12} \bigl(R^{\alpha}_{2}N_{1} \bigl(c_{21}t^{\beta-1}+c_{22}t^{\beta-2} \bigr) \bigr) \bigr] \\ &\qquad{}\times \bigl[c_{21} \bigl(R^{\beta}_{1}N_{2} \bigl(c_{11}t^{\alpha-1}+c_{12}t^{\alpha-2} \bigr) \bigr) +c_{22} \bigl(R^{\beta}_{2}N_{2} \bigl(c_{11}t^{\alpha-1}+c_{12}t^{\alpha-2} \bigr) \bigr) \bigr]\leq0, \end{aligned}$$ \end{document}$$ which, in either case, is a contradiction, that is, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Omega_{3}$\end{document}$ is bounded.

*Step* 4: Now we prove that the conditions of Theorem [2.1](#FPar2){ref-type="sec"} are all satisfied. Set Ω to be a bounded open set of *Y* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\bigcup_{i=1}^{3}\overline{\Omega}_{i}\subset\Omega$\end{document}$. By Lemma [2.3](#FPar8){ref-type="sec"}, the operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K_{P}(I-Q)N:\overline{\Omega}\rightarrow Y$\end{document}$ is compact, thus *N* is *L*-compact on Ω̅. Then, by the above argument, we have (i)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L(u,\upsilon)) \neq\lambda N(u,\upsilon)$\end{document}$ for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$((u,\upsilon),\lambda) \in [(\operatorname{dom}(L)\backslash\operatorname{Ker}(L))\cap\partial \Omega]\times(0,1)$\end{document}$;(ii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$N(u,\upsilon)\notin \operatorname{Im}(L)$\end{document}$ for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(u,\upsilon)\in \operatorname{Ker}(L)\cap \partial\Omega$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H((u,\upsilon),\lambda)= \lambda I (u,\upsilon)+(1-\lambda)JQN(u,\upsilon)$\end{document}$, where *I* is the identical operator. According to the above argument, we know $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H\bigl((u,\upsilon),\lambda\bigr)\neq0, \quad\mbox{for all } (u,\upsilon)\in \operatorname{Ker}(L)\cap \partial\Omega, $$\end{document}$$ thus, by the homotopy property of degree $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\operatorname{deg} \bigl(JQN|_{\operatorname{Ker}(L)},\Omega\cap \operatorname{Ker}(L),(0,0) \bigr) \\ &\quad =\operatorname{deg} \bigl(H( \cdot,0),\Omega\cap\operatorname{Ker}(L),(0,0) \bigr) \\ &\quad =\operatorname{deg} \bigl(H(\cdot,1),\Omega\cap\operatorname {Ker}(L),(0,0) \bigr) =\operatorname{deg} \bigl(I,\Omega\cap \operatorname{Ker}(L),(0,0) \bigr)\neq0. \end{aligned}$$ \end{document}$$ Thus (iii) of Theorem [2.1](#FPar2){ref-type="sec"} is satisfied. Then, by Theorem [2.1](#FPar2){ref-type="sec"}, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L(u,\upsilon)=N(u,\upsilon)$\end{document}$ has at least one solution in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\operatorname{dom}(L)\cap\overline{\Omega}$\end{document}$, so that the coupled system ([1.2](#Equ2){ref-type=""})--([1.3](#Equ3){ref-type=""}) has at least one solution in *Y*. The proof is finished. □

Conclusions {#Sec4}
===========
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                \begin{document}$L=0$\end{document}$ with boundary conditions at resonance with the kernel of four dimensions was considered and an existence result for a coupled system of nonlinear fractional differential equations with multi-point boundary conditions at resonance was obtained by using the coincidence degree theory.
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